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Abstract

The computation of page importance in a huge dynamic graph has recently attracted a lot of attention
because of the web. Page importance or page rank is defined as the fixpoint of a matrix equation.
Previous algorithms compute it off-line and require the use of a lot of extra CPU as well as disk resources
in particular to store and maintain the link matrix of the web. We briefly discuss a new algorithm that
works on-line, and uses much less resources. In particular, it does not require storing the link matrix. It
is on-line in that it continuously refines its estimate of page importance while the web/graph is visited.
When the web changes, page importance changes as well. We modify the algorithm so that it adapts
dynamically to changes of the web. We report on experiments on web data and on synthetic data.

1 Introduction

All the pages on the web do not have the same “importance”. For example, Le Louvre homepage is more
important that an unknown person’s homepage. Page importance information is very valuable. It is used by
search engines to display results in the order of page importance [4]. It is also useful for guiding the refreshing
and discovery of pages: important pages should be refreshed more often

�

and when crawling for new pages,
important pages have to be fetched first [2]. Following some previous ideas of [7], Page and Brin proposed a
notion of page importance based on the link structure of the web [11]. This was then used by Google with a
remarkable success. Intuitively, a page is important if there are many important pages pointing to it. This leads
to a fixpoint computation by repeatedly multiplying the matrix of links between pages with the vector of the
current estimate of page importance until the estimate is stable, i.e., until a fixpoint is reached.

The main issue in this context is the size of the web, billions of pages [6, 8]. Techniques have been developed
to compute page importance efficiently, e.g., [5]. The web is crawled and the link matrix computed and stored. A
version of the matrix is then frozen and one separate process computes page importance, which may take hours
or days for a very large graph. So, the core of the technology for the off-line algorithms is fast sparse matrix
multiplication (in particular by extensive use of parallelism). This is a classical area, e.g., [12]. Our algorithm
computes the importance of pages on-line while crawling the web.
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Google seems to use such a policy for refreshing pages. Xyleme [13] does.
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Intuitively speaking, some “cash” is initially distributed to each page and each page when it is crawled
distributes its current cash equally to all pages it points to. This fact is recorded in the history of the page. The
importance of a page is then obtained from the “credit history” of the page. The intuition is that the flow of cash
through a page is proportional to its importance. It is essential to note that the importance we compute does
not assume anything about the selection of pages to visit. If a page “waits” for a while before being visited, it
accumulates cash and has more to distribute at the next visit.

The web changes all the time. With the off-line algorithm, we need to restart a computation. Although
techniques can be used to take into account previous computations, several costly iterations over the entire graph
have to be performed by the off-line algorithm. We modify our on-line algorithm to adapt to changes. Intuitively,
this is achieved by taking into account only a recent window of the history.

We report on experiments with variants of our algorithms, synthetic data and real data obtained from real
crawls of the web. One of the algorithms presented here is used in production by the Xyleme company [13].

The present paper is just an extended abstract. The full paper may be obtained from [1]. The paper is
organized as follows. In Section 2, we introduce the algorithm focusing on static graphs. In Section 3, we move
to dynamic graphs, i.e., graphs that are continuously updated like the web. The following section deals with
implementation and discusses some experiments. The last section is a conclusion.

To conclude this introduction, we recall the standard notion of page importance that we use here.
Page importance or page rank is defined as the fixpoint of a matrix equation [11, 10]. Let

�
be a graph (e.g.,

the web) represented as a link matrix ���������
	�������
	�� . If there is an edge for � to � , ��� ����������� , otherwise it is � .
Let �������������
	�� be the vector of out-degrees. Let �! be the matrix defined by, for each ����� , �" �� �����#���%$'& (*) +�,-/.�0 & (1, . The
importance 24365 of nodes as defined by [11] is given by:

243657� ���8�:9
(
; �  � �������'<=2#3657� �>�@?

This definition and the computation as a fixpoint are mathematically founded. One can show that the importance
of a page is the probability to be on that page after an infinite random walk on the graph. So it is the steady
vector of a Markov chain with a transition matrix �  . The importance can be computed as the limit of ACB for
A6BD�E�� F<�A6B#G � starting, for instance, from a vector that gives equal importance to all pages. To be more
precise, this holds under some hypothesis: (i) the graph has to be [9] aperiodic (a reasonable assumption on the
web) and (ii) strongly connected. The mathematical model is slightly modified to take into account the fact that
the web is not strongly connected. Details may be found in [1].

2 The algorithm for static graphs

We present in this section the algorithm for the case of a static graph (no update).
To start, we distribute some initial cash to each node, e.g., if there are 	 nodes, we distribute ��H�	 to each

node. For every page, we keep two values. We call the first cash. In some sense, it records the recent information
discovered about the page, more precisely, the sum of the cash obtained by the page since the last time it was
crawled. We also record the (credit) history of the page, the sum of the cash obtained by the page until the last
time it was crawled. The cash is stored in main memory whereas the history may be stored on disk. When
a page is retrieved by the web agent, we know the pages it points to. In other words, we have at no cost the
link information for the retrieved page. We record its cash in the history, i.e., we add it to the history. We also
distribute this cash equally between all pages it points to. We reset the cash of the page to 0. This happens each
time we read a page. We will see that this provides enough information to compute the importance of the page
as used in standard methods. We will consider in a further section how this may be adapted to handle dynamic
graphs.

More precisely, we use two vectors IJ�������
	�� (the cash) and KL�������
	�� (the history). The initialization of I has
no impact on the result. A more detailed history will be needed only when we move to an adaptive version of
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the algorithm. For now, KL� ��� is simply a number that accumulates all the cash page � received. As history K is
stored on disk, K � �>� is only updated when page � is crawled. The algorithm works as follows:

On-line Page Importance Computation (OPIC) Algorithm

for each i let C[i] := 1/n ;
for each i let H[i] := 0 ;
let t:=0 ;
let G:=0 ;
do forever

begin
t := t+1;
choose some node i ;
%% assuming each node is selected infinitely often
H[i] += C[i];
for each child j of i, C[j] += C[i]/out[i];
G += C[i];
C[i] := 0 ;
end

Note that the algorithm does not impose any requirement on the order we visit the nodes of the graph as long as
each node is visited infinitely often, so it can be applied “online” i.e. when pages are crawled. This dramatically
reduces the system complexity and the usage of resources. At the time we visit a node (we crawl it), the list of
its children is available on the document itself and does not require disk access. As long as the cash of children
is stored in main memory, no disk access is necessary to update it.

Let I 0 and K 0 be the values of I and K at the end of the � -th step of the algorithm. The vector I � denotes
the value of I at initialization (all entries are ��H�	 ). Let A 0 be defined by:

A 0 � K 0;��
( K 0 � �>�@?

� i.e., � �#� A 0 � �#� � K 0 � �#�;��
( K 0 � ���@?

One can prove that, when � goes to infinity, � K 0 � goes to infinity and for each � ,

�� ; �  <=A 0 ?� �#��� A 0 � �#� ��
	 ��
( K 0 � ���

and � A 0 ��� � . Thus the vector A 0 converges to the vector of importance, i.e., to 2#365 .
This shows that K 0 � �#���DI 0 � ���; �

( K 0 � ���@?� �
provides an estimate for the importance of a page, and that it converges to it.

In other words, at each step of the computation, an estimate of the importance of page � is given by
; K � �#���

I � �#�@? H ; � � ��? .
The OPIC algorithm uses only local information, i.e. the outgoing links of the page that is being crawled

that can be found in the page as URLs. Thus our algorithm presents the following advantages: (i) it requires less
storage resources than standard algorithms; (ii) it also requires less CPU, memory and disk access than standard
algorithms; (iii) it is less complex because the web agent and the evaluator of page importance can run in a
single process.
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As mentioned earlier, OPIC converges independently on how pages are selected (assuming each page is
selected infinitely often). However, the speed of convergence depends on this selection. For instance, consider
the following two refresh strategies:

1. RANDOM: We choose the next page to crawl randomly with equal probability.

2. GREEDY: We read next the page with highest cash. This is a greedy way to increase
�

for each page
selected. (The exact policy used in Xyleme is more complex than GREEDY but comes very close to it.)

It turns out that, as we shall see in Section 4, the convergence is much faster with GREEDY.
Note that the GREEDY selection strategy suggests a totally different way of computing importance. It turns

out that if GREEDY is used, the importance of a page coincides with the frequency with which the page is read.
If GREEDY is used, it thus suffices to store the times of the visits of the page to obtain that frequency and thus
an estimate of the importance of the page.

3 Dynamic graph

In this section, we consider the case of a changing graph and modify the algorithm to adapt to changes.
Consider a dynamic graph (the case of the web). Pages come and disappear and edges too. To simplify, we

will ignore here the changes of the set of nodes and focus on the changes of edges. So, we assume that the set
of nodes is fixed. Note that the importance of a page is now a moving target and that we should not expect to
obtain a perfect estimate. We may only hope to stay close to it if this importance does not change too rapidly,
which is typically the case on the web. The problem with OPIC on a changing graph is that its estimate of page
importance would typically change slowly and even more slowly when the graph gets older because the past
history would simply have too much weight. This suggests using only some recent history, e.g., say the history
that has been gathered during the last month, or two months.

To fix the ideas, we have to use some time basis. If we use a clock, results would be influenced by the
speed of crawling. So, instead, a more appropriate time basis is the current value of

�
. So, now we think of the

variable
�

as the current time.
Consider some time instants � � � � � . Let K 0 ) 0���� � ��� be the total of cash added to the history of page � between

time � and �� �
, i.e., K 0���� � �>� � K 0 � ��� . Let

� �#� A 0 ) 0���� � �����
K 0 ) 0���� � �#�; �
( K 0 ) 0���� � �>�@?

Because the theorem did not impose any condition on the initial state of A 0 , we know that A 0 ) 0���� converges
to the vector of importance when

�
goes to infinity

�
. This comes to ignoring the history before time � and start

with the state of the cash at time � for initial state.
To adapt to changes on the web, we therefore use time windows. We estimate the importance of a page by

looking at the history between
� � � and

�
. We call the interval � � � � � � � the (time) window. If we choose a

very large window, we get a good estimate of importance (a perfect one with an infinite window:
���
	

). On
the other hand, a too large window means that we take into account very old information that may have changed,
so our reaction to change may be too slow. Now, a very small window would be very adaptive to changes but
may yield a too important error in the estimate. Thus there is a trade-off between precision and adaptability to
changes and a critical parameter of the technique is the choice of the size of the window.

To compute page importance for a changing graph, we use the Adaptive OPIC algorithm based on time
windows. In Adaptive OPIC, we use the cash vector in the same way as in the case of a static graph. The global
variable

�
records the total sum of cash that has been distributed to the nodes of the graph since the initialization

�
On the other hand, when � goes to infinity, ���� ����� . does not converge to the vector of importance.
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of the process (the current time). To avoid having a value that grows infinitely, we keep this value modulo some
very large number

� � . (
� � should be large enough so that no confusion may arise.) For the history, we keep a

certain number of measures. We studied two variants of the algorithm based on the following policies:

1. FIXED WINDOW: For every page � , we store the value of cash I 0 � ��� and the global value
� 0 for all times

it was crawled in a fixed time window, say the last 3 months.

2. VARIABLE WINDOW: For every page � , we store the value of cash I 0 � ��� and the global value
� 0 for the

last 	 times it was crawled.

The Xyleme system is actually using a variant of FIXED WINDOW called BAO (for Basic Adaptive OPIC).
Let

�
be the size of the window. The idea is that the history of a page consists of a single value, an estimate of

what the page obtained in an interval
�

before the last crawl. The next time the page is crawled a new estimate
is computed by interpolation based on the history and the cash it gathered between the two crawls. Details are
omitted.

4 Experiments

We implemented and tested first the standard off-line algorithm for computing Page Importance, then OPIC and
several variants of Adaptive OPIC, and BAO. We performed some tests on synthetic data and some on a much
larger collection of URLs from the web.

Synthetic data The graph model: We performed most of the experiments with (reasonably small) graphs of
about 100 000 nodes with a rather simple random distribution of edges. This was to be able to experiment with
many variants of the algorithm, many sizes of windows and many patterns of changes (from very small changes
to very intense ones). We also performed tests with much larger graphs and with much more complex edge
distribution. We found that the results were not depending so much on these two criteria. For instance, to study
the impact of the distribution of incoming/outgoing links and the correlations between them, we tried several
graph models in the spirit of [3]. Even with significant changes in parameters describing the graphs, the patterns
of the results did not change substantially from the simple graph model.

Convergence: We studied the convergence of OPIC for various page selection policies. In particular,
we considered RANDOM and GREEDY. We found OPIC converges much faster with GREEDY than with
RANDOM. Typically, a “reasonable error” (less than one percent) is obtained with GREEDY when each page
has been read about 5 times on average. RANDOM is roughly twice slower. We also compared these, somewhat
artificially, to the off-line algorithm. In the off-line, we count N steps for each iteration of the off-line algorithm.
With appropriate tuning, OPIC with the GREEDY page selection policy presents the following two advantages
over the off-line algorithm:

� it obtains very fast (after reading each page once or twice on average) a reasonable estimate even if the
off-line algorithm eventually (after a few iterations) converges faster.

� it is tailored to provide good estimates for important pages which is what it useful in practice.

The fact that the off-line algorithm eventually converges faster (roughly twice faster) is not surprising since more
information is available to it at each step.

Impact of the size of the window: As already mentioned, a small window means more reactivity to changes
but at the cost of some lack of precision. A series of experiments was conducted to determine how much.
Consider for instance the GREEDY policy and VARIABLE WINDOW (we keep the history for the last 	
crawls of the page). When 	 is too small (e.g., 	 � �

), the error is too large and we do not converge to a
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reasonable estimate. Typically, a value of 	 around 4 seems a reasonable compromise. The error is limited and
our reactivity to change is good. Depending on some parameters such as the update rate of the graph, different
window sizes perform better.

Variant of the Adaptive algorithm: We compared FIXED WINDOW and VARIABLE WINDOW. We found
that VARIABLE WINDOW performs in general better. This is because FIXED WINDOW has a tendency to
accumulate more data than needed for important pages and too little for unimportant ones. On the other hand,
when the graph changes very rapidly, FIXED WINDOW adapts better to changes. We also found that a a yet
better strategy is to use different policies depending on the importance of the page.

The BAO algorithm (interpolation on FIXED WINDOW) turned out to yield surprisingly good results, often
even better than VARIABLE WINDOW, while it uses less resources. We believe that the reason for this is that
it avoids some “noise” at each crawl of a page resulting from the introduction of a new measure and the deletion
of an old one. The interpolation acts, in some sense, as a filter. We selected BAO for the intensive experiment
with web data.

Web data We tested BAO with a real crawl of the web. We used a cluster of Linux PCs, between 4 and 8 PCs
at various times of the experiment. The experiment lasted several months with the PCs active only about 50% of
the time. Each PC can read about 3 million pages per day. The selection of pages was such that pages estimated
as important were read first and refreshed more often. (As mentioned earlier, the refresh strategy gives results
close to those of GREEDY so a page twice more important is read twice more often.)

We discovered close to one billion URLs. Some pages were never read: only 400 million of them were
actually read, so we computed Page Importance over 400 million pages, to a certain extent the 400 million most
important pages of the web. The top most important pages were read almost daily. We used BAO, i.e., FIXED
WINDOW with interpolation. This experiment was sufficient (with limited human checking of the results) to
conclude that the algorithm can be used in a production environment. Indeed, this is the algorithm currently
used by Xyleme. During the test, we experimented with various sizes of the times windows. After a trial/error
phase, the time window was fixed to three weeks.

More experiments are reported in the full paper.

5 Conclusion

We proposed a simple algorithm to implement with limited resources a realistic computation of page importance
over a graph as large as the web. We demonstrated both the correctness and usability of the technique.

To understand more deeply the algorithms, more experiments are being conducted. Also, we are working
on a precise mathematical analysis of the convergence speed of the various algorithms. One goal is to obtain
variants of Adaptive OPIC that provide better estimates of page importance and also give an estimate of the error
and the change rate of this importance. This includes critical aspects such as the selection of the appropriate size
for the time window. Other aspects of our algorithm may also be improved such as the management of newly
discovered pages that we ignored here.
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